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The paper revisits the special Viviani’s curve and introduces some special Smarandache curves 
according to Sabban frame. First, Frenet-Serret frame is obtained for the curve, second Saban frame is 
constructed by considering the tangent indicatrix. Then, the Smarandache curves are defined according to 
Saban frame. Finally, for each Smarandache curve, the geodesic curvatures are calculated and expressed 
with the principal curvatures of the special Viviani’s curve. 


Keywords: The Tangent Indicatrix, Viviani’s Curve, Smarandache Curve, Sabban Frame 


1. Introduction and Preliminaries 


A Smarandache curve is defined such that if Frenet-Serret vectors are considered to be the position 
vector, then any curve drawn by that position vector is called as Smarandache curve [18]. This way of 
generating new curves are important in the field of differential geometry. By utilizing different frames, 
the construction of such Smarandache curves and their characteristics are studied in many research 
papers (see [1-5], [9-13]). Moreover, regarding spherical indicatrices, Koenderink defined Sabban 
frame and corresponding geodesic curvatures in [8]. Then, new Smarandache curves and their geodesic 
curvatures were discussed by using Sabban frame in [14-15, 17]. More recently, Saban frame according 
to the tangent indicatrix of helix curve has been examined in [16] 


Let us recall some basic calculations. Let a: 1 c R > R® be a differentiable curve and denote the set 
of its Frenet-Serret frame as {T ,N, B\ . The calculation of the very famous Frenet-Serret formulas is 
given as following 


to wae pa (1.1) 
ja’ la’ Aa" 
, " det a _ m 
_le A ge ie we ) (1.2) 
lla lla Aa 
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where ' is for the derivative operator A is vector product sign, «, is the curvature function, and T 
is the torsion of the curve [6,7]. 


Moreover, let y = 7(s) be a unit vector with its arclength parameter s. Denote T =‘ as the tangent 
vector of the curve on the unit sphere whose position vector vy, and compute another unit vector as 
D=y AT. Then the set of this new orthonormal system denoted { y.T,D} is defined as Sabban frame 
[8]. The Sabban formulas according to this frame are shown as below 


y' =I, U'=-y+K,D, D'=-K,T (1.3) 
where 
K, =(I" D) [8, 16]. (1.4) 


Viviani’s curve, however, is defined as the intersection of a central sphere of radius 2r with a given 
cylinder of radius r. Thus, the common solution yields the following parametric equation for the curve as 


a(t) = ‘(1 +cost,sint, sn(£)), te(-27,27). (1.5) 


By using (1.2) the curvatures of the curve can be found as 


t 
x(t)= vV3cost+13 r(t)= 6cos{ 5 
a ~ r(3cost +13) 


r(cost+3)2 


[7]. (1.6) 


A better parametric representation for the curve can be obtained by the change of parameter as f = 25 


, and by taking r =—. Thus, the new parametric form of the curve and its curvatures are given 


a(s) =(cos” s,cosssins,sins), (1.7) 


V3cos’ s+5 6coss 


a ee, a er = Fn ae? 1.8 
(cos* s+1)Vcos* s +1 *(s) 3cos’s +5 (1.8) 


K(s = 


By using (1.1) and (1.7) the Frenet vectors and formulas can be obtained as 


(—sin 2s,cos2s,cos s) 


V2cos2s+6 ; 


2 
T(s)= 


Ns) (cos4s + 12cos2s +3,sin4s +12sin 2s,4sins) 
S)= 
6 cos4s + 88cos 2s +162 
sin 3s + 3sins,—cos3s—3coss,4 
B(sy=! (1.9) 


V6cos 2s + 26 , 


T'(s)=nKN, N'(s)=n(-«T +7B), B'(s)=-ntN, 
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where 7 = la’(s)| = 1+cos’s . In addition, the following relation exists between the two curvatures 
given in (1.8) 


3 
2 2 
Ces | (1.10) 
K 3cos’ s+5 


The following Fig.1 denotes the graph of Viviani’s curve and its corresponding curvatures. 


Fig. 1 Viviani’s curve (black), its curvature K (blue) and torsion 7 (red) 


2. On the tangent indicatrix of the Viviani’s curve 


In this main section of the paper, first the spherical tangent indicatrix curve drawn by the unit tangent 
vector of the Viviani’s curve on the unit sphere is obtained. Then, the Frenet apparatus of the curve is 
calculated. Second, by using (1.3), the corresponding Sabban frame is provided. Besides, by assigning 
the vectors of Sabban frame as position vectors the special Smarandache curves are examined. Finally, 
each geodesic curvature of the new Smarandache curves is expressed by the principal curvatures of 
Viviani’s curve. 


Definition 2.1 The curve drawn by the unit tangent vector of the Viviani’s curve on the unit sphere is 
called the tangent indicatrix curve. 


Theorem 2.1 The set of Frenet vectors of the tangent indicatrix curve denoted by {7,,N,,B,} is 
given as following 


(2.1) 


Proof: From Definition 2.1, let a, (s) =T (s) . By taking derivatives and considering the last relation 
of (1.9), the following relations are obtained 


127 


10* International Baskent Congress on Physical, Engineering, and Applied Sciences 


a, =T' =nKN, 


On = KT + (nx) N+1°xtB, 


a = “(re 4 inns) |P (-1°x? + (nx) <a? xr?) (rx) + ne (nw |B. 


(2.2) 
ay Aap =n K (tT +KB), 
la; Aap =n VK +7", 
det(@},a7,a7) = (xe - K's} 
' , ”" 
; : a a; Ap AA 
Thus, by using the system of equations given in (1.1) as JT, =7—_, B, =;——,> N, =8, AT, 
lla; lai Aat 


the Frenet elements of the tangent indicatrix is obtained which completes the proof. 
Upon substituting (1.7) and (1.8) into (2.1), the following corollary can be expressed: 


Corollary 2.1 The Frenet vectors of the tangent indicatrix curve of Viviani’s curve are given as like 


below: 
ne (cos 4s +12cos 2s +3,sin 4s +12sin 2s,4sins) 
. V6cos 4s +88cos 2s +162 
3 3 
-2(-sin 2s,cos2s,cos s)(3cos” s +5)? 6 cos s(cos” s +1)? (sin3s +3sin s,—cos3s —3coss,4) 
N,= 


2608 25+6y{(3c0s" Ss +5) +36cos” s(cos’ KY +1) V6cos2s +26 \(3c0s” S +5) +36cos" s(cos? Ss +1) 


3 3 
—~12coss (cos” s +1)? (—sin 2s, cos 2s,cos s) (3cos* st 5)? (sin 3s + 3sin s,—cos3s—3coss,4) 
+ 


B, = 
V6cos 2s + 26 |(3c0s" st 5) +36cos* s(cos’ s +1) V6cos 2s + 26,|(3cos” st 5) +36cos’ s (cos* s +1) 


Theorem 2.2. The following relations hold for the curvature K, and the torsion 7, of the tangent 
indicatrix curve and the curvatures of the main curve as 


VK +7? tK—-K'T 
K, = pe (2.3) 
K n(K« +7 ) 


Proof: By substitution (2.2) into (1.2) the proof is completed. 


Corollary 2.2 The curvatures of the tangent indicatrix of Viviani’s curve can be given as 


3cos?s+5) +36cos? s(cos?s+1) 
K.= 


E 


(3cos” KY +5)? 


3 
3cos’ 5 +5 cos’s+1 |? (2.4) 
.~—— 6008 s| —_, —— 
cos s+] 3cos° s+5 


(3cos? s+5) + 6coss(cos” s +1) 


Tr = 
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Corollary 2.3 The ratio of the curvatures of the tangent indicatrix curve is 
be TK-K'T 


3 
K. _ 
E n(x? +77)? 


(2.5) 
and, specifically for Viviani’s curve is given as 
3 r 
2 2 
(3cos’ s+ 5)" (cos” s+ 1) 6coss a 
3cos°s+5 
T 
= = : (2.6) 
3 3 
" [(3cos* s +5) + 36cos* s(cos” s +1) y 


The following Fig.2 illustrates the graph of tangent indicatrix of Viviani’s curve and its corresponding 
curvature functions 


Fig. 2. The tangent idicatrix curve (black) and the curvature Ka. (blue) and the torsion 7,. (red) 


Even though the spherical indicatrix curves are obtained by the motion of unit vectors, they are not 


necessarily unit speed curves. For this reason, the Frenet formulas should be expressed in the general 
form as like relation (1.9) by the followings 


i =|a, K,N;, 
Ny =|la;||(-«,T, + 7,B;) . 
By. =-la;,|c,N;, 


(2.7) 


Let @, ( ) =T (s) be the tangent indicatrix curve of Viviani’s curve and T, be the tangent vector 
of a,. Define D, =, AT;,. Then, from (1.3) the vectors of Sabban frame are obtained as following 


(—2sin 2s,2cos2s,2coss) 
Qo. = T = 


T 


V2cos2s5 +6 
a, a (cos4s +12cos2s +3,sin4s +12sin2s,4sins) 
T lez 


162 + 88cos 2s + 6cos4s 


(2.8) 
16sin2scoss +2sin4scos2s+8sins, 


ee 
D, =a, AT, =B= 


J2cos 2s + 6.V162 + 88cos 2s + 6cos 4s 
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Besides, by recalling (1.4) Sabban formulas can be given as 
a, =nKT,, T, =-nka,+ntD,, Dy, =-ntT,. (2.9) 


Note that the geodesic curvature is K,“" =7. 


Definition 2.2. Let {a, sls D,} denote the set of Sabban frame vectors for the tangent indicatrix of 
special Viviani’s curve. Then, the curve drawn by the unified combination of the first two vectors in this 
set is called £, — Smarandache curve with the following parameterization 


B,(s) = (a, ae (2.10) 


When substituted (2.8) into (2.10), the £, — Smarandache curve for Viviani’s curve can be written as 


V6cos 4s + 88cos 2s + 162 (—sin 2s,cos2s,coss) 
|_| —J2cos 2s +6 (cos4s +12cos2s +3,sin4s +12sin2s,4sins) | (see Fig.3). 


B(s)=(T +N) = 


2 2 Vcos2s +3 -J3cos4s + 44cos2s +81 


Theorem 2.2. The geodesic curvature K Z 9) of f, — Smarandache curve is given by following 


2(r'x — tx") + nt (2x + =) 
V2V2K? +27 


Proof: By taking the derivative of the relation (2.10), the tangent vector 7, is found as 


B 
a 


Ae (-xa, +«T, +tD,) 


Next, the vector product of , and 7, is 


ta, — TT, +2KD,) 


T= 1 
ns rr 


By taking the derivative of T, as 


: 2 ‘ Ke+T : 
Tis) = ) pee Ap + = ) uit ) T, 4 e ) eee ia D, 
VK? +7? VK? +7? 2K? +7? VK? +7? VK +7? V2? +7? 


7 —t(x't—x«t')—nk° (2x? aa . t(«’'t—xe')-n(x? +107 )(2x° ON 2«(x't —xKt') 4 mt (2K +7") 0 
: 3 


(22 +22) (2x2 +72) (2x? +2) 
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and using the relation (2.9), the proof is completed. 


Fig. 3: The £7, — Smarandache curve (black) and its geodesic curvature | Sa (blue), s € [-22, 27] 


Definition 2.3 Let Came - D,} denote the set of Sabban frame vectors for the tangent indicatrix of 
special Viviani’s curve. Then, the curve drawn by the unified combination of the first and the last vectors 
in this set is called £, — Smarandache curve with the following parameterization 


B(s)==(a, #Dj)e (2.11) 


When substituted (2.8) into (2.11), the 6, — Smarandache curve for Viviani’s curve can be given as 


V/162 +88cos 2s + 6cos4s (—sin 2s,cos2s,coss) 


1 


p,(s)=5(T+B)=—] * 


ee 2scoss+sin4scos2s+4sins, 
2 


—8cos2scoss —cos4scoss—7coss,4cos2s + 12) (see Fig. 4). 


Vcos2s +3814 44cos 2s + 3cos4s 


Theorem 2.3 The geodesic curvature K - ols) of 2, — Smarandache curve is given by following 
K®& i ie T-K). 
=n) 
Proof: By taking the derivative of the relation (2.11), the tangent vector 7, 1s found as 
T,, =T, . 
By the vector product of £, and T, , the following relation is obtained 
1 
AT, =—=(-a,+D. 
B.ATy,=(-aty + Dr) 
By taking the derivative of 7, as 


T 


bs (=) =-nKa, +ntD, 


and using the relation (2.9), the proof is completed. 
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Fig. 4: The 2, — Smarandache curve (black) and its geodesic curvature oe (blue), s € [-22,2z] 


Definition 2.4 Let {ps 1, - D,} denote the set of Sabban frame vectors for the tangent indicatrix of 
special Viviani’s curve. Then, the curve drawn by the unified combination of the last two vectors in this 
set is called , —Smarandache curve with the following parameterization 


B(s)= AT, 1D, (2.12) 


Upon substitution (2.8) into (2.11), the £, — Smarandache curve for Viviani’s curve can be given as 


pee eee eran 


—l6cos2scoss—2cos4scoss—14coss,8cos 2s + 24 
1 1 : 
B, (s) = —=(N+B) = a —J2cos2s+6 (cos 4s +12cos2s+3,sin4s + 12sin 2s,4sins) (see Fig. 5). 


20s 2s + 6.162 + 88c0s 2s + 6cos4s 


N 


Theorem 2.4 The geodesic curvature K i 9) of 2; — Smarandache curve is given by following 


K= 2(«r'—x'r) +9K(K« +2r’) 
Oo ila 


Proof: By taking the derivative of the relation (2.12), the tangent vector 7, is found as 


r= WKer —tT, +tD, 


Moreover, the vector product of £, and 7, p, 3S 


2ta, — KT, +KD,). 


(Risa 
V2V «2 +227? 


By taking the derivative of 7, as 
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: K KT T n(x? +77) T nt 
Ts, = 2 2 2 7 or 2 2 2 2 os es 
VK +27 VK +27 VK +27 Vk +27 


Ve +277 Vc +277 


—2 (xt —Kt')+ nie (Ke + 27”) 


K(x't —xt') n(x? | 77 \(« 21”) K(x't —Ke') +0" (x? +2r*) 
3 T+ N 
(x? +277 y 


and using the relation (2.9), the proof is completed. 


Fig. 5: The 8, — Smarandache curve (black) and its geodesic curvature KY (blue), s€ [-22,27] 


Definition 2.5 Let {a, nee D,} denote the set of Sabban frame vectors for the tangent indicatrix of 
special Viviani’s curve. Then, the curve drawn by the unified combination of the all three vectors in this 
set is called 8, — Smarandache curve with the following parameterization 


1 
B,(s)=—=(a,+T,+D,). (2.13 
(3) =e, +T*D,) ) 
By substituting (2.8) into (2.13), the £4, —Smarandache curve for Viviani’s curve can be given as 


B,(s)=—=(T+N+B) 


le 


162 +88 cos 2s 6cos4s (—2sin2s,2cos2s,2coss) 
— 20s 2s +6 (cos 4s +12cos 2s +3,sin4s +12sin2s,4sins) 


(see Fig. 6). 


+(16sin 2s coss 4 


fa ~ 


+ 2sin4scos2s+8sin s,—l6cos 2scoss—2cos4scoss—14coss,8cos 2s +24) 
a/2.cos 2s + 6.162 +88.cos 2s +.6cos 4s 


Theorem 2.5 The geodesic curvature K = (9) of ff, — Smarandache curve is given by following 
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ae KT) 2nk(K 7) (2c sheen) 


2 
(x? -«r+7°) 


1 [erties ene +17)(x =) 


2 
(x? -«r+r7) 


+ 


2 


eae K't)—2nt(t-2«)(K« t)(x? aaa 


(x? -«r+t’) 


(cr —K'r)+ 2nK (x + r*) 


~ 2V3(«* -Kr +r’) 


Proof: By taking the derivative of the relation (2.13), the tangent vector 7, is found as 


T= -KAy +(«-r)T, +7D, 


B. 
: VON —Kr +r? 


Besides, the vector product of #, and T, is 


(2r-xK)a, —(«+r)T, +(2x-7)D, . 


B,AT, = 
— V6VK? —Kr+7? 


By taking the derivative of 7, as 
a 1 K } __ nk(K-7) a 1 (x-r) } n(x +r’) a 
Pale) V2\\ Je? —er tr? Vet —Kr +7? Fah Ve —Ketr? Vet —Kr +r? ‘ 


i T nt(«-T) 
“2 7 i erent: jp. 


1 [ K)(x't—Ket') +2nK(K« t)(x° t+1*) py 1 [eae xt’) 2n(«° +?) (x “= 


35 


3 
(x? -«r+t")? 


a 


1 s 2x)(«'t —Kt')+ 2nt(K t)(x? t+1°) . 


E| 
(x? -«r+r°)? 


and using the relation (2.9), the proof is completed. 
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Fig. 6: The 8, Smarandache curve (black) and its geodesic curvature ce (blue), se [-2z, 2z| 
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